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Abstract 
Accounting for the effect of the rigid body motion of a finite element is one of the most challenging problems in approximating 
displacements in the Finite Element Method (FEM). In this paper with the example of the rectangular plate element with 12 
degrees of freedom it is demonstrated how to eliminate all components of nodal linear and angular displacements of the finite 
element relatively to its displacements as a rigid body. Based on this explicit analytical procedure, the system of governing 
equations of the FEM in the form of a classical mixed method is elaborated, in which all displacements related to the rigid body 
motion are eliminated. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction 
The problem of accounting for the displacements of a finite element due to the rigid body motion forms the 
subject of a considerable number of papers [1-13]. However, approaches used in these papers don't provide general 
solution of the problem because they have rather narrow areas of application. 
Complexity of proposed algorithms for the elimination of displacements of finite elements due to the rigid body 
motion from the system of governing equations explains persistent interest in this problem. 
In this paper the described problem is solved explicitly within the FEM in the form of classical mixed method 
developed by the authors [14-20]. As previously noted in [18-20], this problem is solved automatically for the beam 
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finite element and triangular plate finite element, because statically determinate primary system of the mixed method 
is used for forming governing equations. In this primary system, displacement of the supports causes kinematic 
displacement of the element as a mechanism, without causing strains. For rectangular plate finite elements 
displacements of supports in the primary system do yield strains. However, this primary system allows for 
elimination of the rigid body motion components from the system of governing equations of the finite element. 
2. Modification of the system of governing equations 
The primary system of the mixed method for the rectangular finite element and numbering of the primary 
unknowns is shown in the Figure 1a. The displacements of this finite element as a rigid body in the adopted 
coordinate system is shown in the Figure 1b. The geometry of the displaced state of the FE as a rigid body is defined 
by three degrees of freedom: either linear displacement 1q  and two angles of rotation of the body around axes ox 
and oy, or three linear displacements: 1 2,q q , and 4q . 
 
 
Fig. 1: (a) primary system of the mixed method for the rectangular finite element; (b) displacements of this finite element as a rigid body in the 
adopted coordinate system. 
For the given values of 1 2 4, ,q q q , the value of
*
3q  is the sum of the displacements of the FE in the directions of the 
degrees of freedom: *3 1 2 4.q q q q    
The total value of 3q  consists of displacement
*
3q , which is the displacement of the FE as a rigid body, and 
displacement **3q  caused by bending of the finite element, i.e. 
* ** **
3 3 3 1 2 4 3( ) .q q q q q q q        (1) 
Finite elements adjacent to an arbitrary node i,j of the finite element mesh is shown in Figure 2. This figure also 
shows the number of kinematic and force unknowns at the nodes of finite elements belonging to the node i,j. 
From the equation (1) we obtain an expression for the value of displacement at node 3 of the finite element III 
(Fig. 2), causing its deformation: 
**
3 3 1 2 4( ) [ ( )] .
III IIIq q q q q       (2) 
Similarly, we obtain 
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Fig. 2: Finite elements adjacent to an arbitrary node i,j of finite element mesh. 
Equilibrium equations and compatibility equations of deformations of the node i,j in the system of canonical 
equations of the mixed method have the following form: 
, 1 2 3 4, , , ,
, , , ,
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i j i j i j i j i j
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     
    
    
   (4) 
Here the superscripts I, II, III, IV refer to the number of the finite element adjacent to the node i,j. The subscript 
refers to the number of the supporting linear relations in the primary system of the corresponding finite element. 
If the plate is modeled with the assembly of finite elements with 12 degrees of freedom, Equations (4) become: 
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Herein 1 2 3 4, , ,q q q q  are kinematic unknowns, 5 6 11 12, , , ,q q q q   !  are force unknowns, , , ,, ,s t i t s tr r G , and ,i jG  are 
the coefficients of response matrix of the FE to the unit values of unknown variables, ,s Pr  and ,i PG  are the 
coefficients of the action vector of the FE [14,15]. 
Substitution of expressions (2) and (3) into Equation (5) and grouping of unknowns yields the governing 
equations, that are free of the rigid body components of displacements of the FE. 
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